Abstract. The research refers to the results of mathematical modeling of the process of maintaining a technological area which consists of unstable or fixed objects (targets) and a controlled multi-link manipulator [1] [2] [3] [4] [5] [6] [7] [8] [9] . It is assumed that, in the maintenance process, the dynamic characteristics and the phase vector of the manipulator state can change at certain finite times depending on the mass of the cargo or instrument [10, 11] . Some controllability problems are investigated in the case where the manipulator motion on each maintenance interval is described by linear differential equations with constant coefficients and the motions of the objects are given.
Description of the maintenance model
The equations describing the manipulator motion on each maintenance interval are generally represented as linear differential equations with constant coefficients of various sizė
where k is the number of maintenance stages to which the time intervals [t i−1 , t i ] (i = 1, 2, . . . , k) correspond, x i is the n i -dimensional phase vector of the manipulator state on the time interval t ∈ [t i−1 , t i ], A i is the n i × n i dimensional matrix with constant elements on the interval [t i−1 , t i ] depending on the parameter ω i , b i is an n i -dimensional constant vector, u(t) is the scalar control function, t ∈ [t 0 , T ] (t 0 is the initial time and t k = T is the terminal time). The intermediate times t i (i = 1, 2, . . . , k, t 0 < t 1 < t 2 < . . . < t k−1 < t k = T ) can be fixed or determined in additional conditions. Suppose that, in the state space, arbitrary initial (for t = t 0 , i = 1) and finite (for t = T , i = k) positions of the system (1) are given in the form of
where the phase vector x 1 t 0 has dimension n 1 and x k T has dimension n k . In the general case, it is assumed that n 1 = n k and, at intermediate times t i (i = 1, 2, . . . , k − 1), when there is a transition from one maintenance stage to another, the vectors of composite systems (1) must correspond to the conditions where z i (t i ) is the phase state of the objects at times t i (i = 1, 2, . . . , k − 1). Conditions (3) ensure the continuity of the process and mean [12] that the end of the manipulator movement at time t i (i = 1, 2, . . . , k) is the beginning of motion on the next time interval t ∈ [t i , t i+1 ].
Without loss of generality, we assume that n i+1 > n i (i = 1, 2, . . . , k − 1). To match the dimension of the phase vectors with different stages of motion, we formally assume that the motion at the stage i occurs in the n i+1 -dimensional space R n i+1 , where the last (n i+1 − n i ) components of the phase vector x i (t) are identically zero, that is,
Similarly, it is possible formally to increase the dimension of the state space at the i + 1st stage of motion by an amount (n i − n i+1 ), when n i+1 < n i (i = 1, 2, . . . , k − 1).
The complete set of systems of differential equations describing the stepwise motion of the manipulator on the time intervals [t i−1 , t i ] (i = 1, 2, . . . , k), with allowance for (2)-(4), can be represented as      ẋ
Since the manipulator motion is described by the system of linear differential equations (1) on each time interval [t i−1 , t i ] (i = 1, 2, . . . , k), it follows that, with a proper choice of the control function u = u(t), t ∈ [t i−1 , t i ] (i = 1, 2, . . . , k), in the domain of admissible controls, we have a unique trajectory of the motion of the characteristic points of the mechanical system satisfying conditions (2) and (3). The obtained trajectory x(t) = {x i (t)} (i = 1, 2, . . . , k) of motion, combining the trajectories on the intervals [t i−1 , t i ] (i = 1, 2, . . . , k), is continuous and piecewise differentiable, i.e., the solution x(t) is always continuously differentiable [13] , except for the times t i (i = 1, 2, . . . , k).
Controllability of the maintenance process
Important concepts for the further investigation of the process of maintaining the objects (technological area) by a manipulator are the concepts of controllability, not only at separate stages of maintenance, but also at those of the entire system over the entire time interval.
As is known [14] [15] [16] , each system in the set (5)
is completely controllable on the time interval t ∈ [t i−1 , t i ] (i = 1, 2, . . . , k) if the rank of the controllability matrix is equal to n i , that is,
and not controllable on the time interval t ∈ [t i−1 , 
The definition of the complete controllability of systems (6) and conditions (2), (3) implies a generalized definition of completely controllable set (5) on the time interval t ∈ [t 0 , T ].
Definition. The set (5) on the time interval [t 0 , T ] is completely controllable if, for any initial x 1 (t 0 ) and finite states x k (T ), there is an admissible control u = u(t), t ∈ [t 0 , T ], that takes (5) from the initial state to the final state so that, at intermediate time
is constructed as a combination of controls by the manipulator at each maintenance stage). Since the aggregate (5) describes the whole manipulator maintenance process of the technological area and each system (6) is the equation of the controlled motion on the time interval t ∈ [t i , t i+1 ] (i = 1, 2, . . . , k − 1), the controllability of the technological process as a whole depends on the controllability on each interval.
By the method of the mathematical induction, it is easy to show that the maintenance process is fully controllable if it is completely controllable at each stage and not controllable if at least one of the systems in (6) is not completely controllable on its interval of definition.
We assume that, on the time interval [t 0 , T ], there is only one intermediate moment t 1 , where not only the dynamic characteristics of the mechanical system of the manipulator but also the dimension of the phase vector can change.
The manipulator motion on each interval
is described by the equations
with the conditions
According to the controllability criterion (7), the autonomous systems (9) 
Here, in general, the matrices A 1 , A 2 and the vectors b 1 , b 2 have the structures
For the further investigation of the problems of the completely controllable maintenance process described by the combining systems (9) for n 2 > n 1 in the whole period of time [t 0 , T ], we consider the motion on a state area R n 1 +n 2 of dimension (n 1 + n 2 ), where the motion at the first stage, that is, for [t 0 , t 1 ], occurs in the subspace R n 1 , and at the second stage, in the subspace R n 2 . The subspaces R n 1 and R n 2 (R n 1 R n 2 = R n 1 +n 2 ) have no interior points, while at t = t 1 , they have common boundary points. To describe the motion in R n 1 +n 2 during the time t ∈ [t 0 , t 2 ], we derive the (n 1 + n 2 )-dimensional state vector y as
where
and
At time t 1 , it follows from (10) that |y 1 (t 1 )| = |y 2 (t 1 )|.
Conditions (14) and (15) can also be represented as
We also introduce an (n 1 +n 2 )×(n 1 +n 2 ) block matrix C and an (n 1 +n 2 )-dimensional vector d:
where A i (i = 1, 2) are determined from (12) , and the vector d has the form
Similarly, with (13)- (15) taken into account, the matrix C (16) and the vector d (17) satisfy the conditions
The matrices 0 1 and 0 2 with zero elements in (18), (9) have dimensions n 1 × n 2 and n 2 × n 1 , respectively, and the matrix 0 with zero elements in (18) has dimension n 2 × n 2 , and 0 in (19) has dimension n 1 × n 1 . In the general case, conditions (10), on account of (13)-(19), allow one to represent (9) aṡ
Equation (20) 
Since, at time t ∈ [t 0 , t 2 ], system (22) either coincides with system (20) or (21), it follows that, in the variables and parameters (13)-(21), the controllability matrixes (7) for systems (20) and (21) have the following respective structures, 
Here, the matrices M 1 and M 2 have dimensions (n 1 + n 2 ) × n 1 and (n 1 + n 2 ) × n 2 , respectively. Taking (11) into account, we obtain rang M 1 = n 1 and rang M 2 = n 2 .
Combining the matrices (23) and (24), we obtain the complete controllability matrix for the union (22) on the entire time interval [t 0 , T ]
The block matrix M 1 has dimension (n 1 +n 2 )×(n 1 +n 2 ),
b 1 ) coincides with the controllability matrix (11) 
b 2 ) coincides with the controllability matrix (11) for i = 2. The matrices 0 12 and 0 21 with zero elements have dimensions n 1 × n 2 and n 2 × n 1 , respectively.
The determinant of the bakery-diagonal matrix M 1 is calculated as [17] det
Consequently, rang M 1 = n 1 + n 2 . It follows from (26) that the motion of the manipulator mechanical system described by the union (22) and including systems (20) and (21) (9) is not completely controllable on its interval of definition, i.e.,
Suppose that the assertion about controllability is true for (k − 1) stages of motion. That is, the controllability matrix for the combined systems (5) with (k − 1) equation has determinant of the form
Here the matrix M jj (j = 1, 2, . . . , k−1) is the controllability matrix of the system with number j (j = 1, 2, . . . , k − 1) in (5) n j . The matrices 0 12 , 0 13 , . . . , 0 1k−1 have dimensions n 1 × n 2 , n 1 × n 3 , . . . , n 1 × n k−1 , respectively. Similarly,
To combine the system of equations (5) describing (k − 1) stages of motion, let us consider the state spaces of dimension
j=1 n j ). The state vector y is presented as
The vector y has dimension
n j . On each interval of motion, we have
Similarly to (13)- (15), at intermediate time t j (j = 1, 2, . . . , k − 2), the state vector y satisfies the conditions
In the case under consideration, parameters (16)-(19) have the form
on the time interval t ∈ [t 0 , t k−1 ]. The matrix C and the vector d satisfy the conditions On the interval t ∈ [t k−2 , t k−1 ], we have
The matrices M 1 , M 2 , . . . , M k−1 have structures similar to (23), (24) of dimensions (n 1 + n 2 + · · · + n k−1 ) × n j , (j = 1, 2, . . . , k − 1). In particular,
At the last stage of the manipulator movement, the dynamic characteristics of the mechanical system change at time t = t k−1 and the manipulator moves from point x k (t k−1 ) to the final point x k (T ) (remember that x k−1 (t k−1 ) = x k (t k−1 ) is condition (3)). The system of the equations of motion on the time interval t ∈ [t k−1 , t k ] coincides with the last system in (5) , that is,
The matrix M k has dimension (6) is not completely controllable on its interval of definition. This means that the manipulator maintenance process on the whole time interval is completely controllable if each stage of the maintenance is completely manageable and unmanageable if the maintenance process is uncontrollable at least on one interval.
Conclusions
A model of a technological maintenance process consisting of a controlled ladder manipulator and mobile or fixed objects (targets) is described. The manipulator must automatically support continuous operation of the objects. It is assumed that in the the maintenance process, the dynamic characteristics and the phase vectors of the manipulator state can change at some finite instants of time. In a particular case, when the manipulator movement at each maintenance interval is described by linear differential equations with constant coefficients and the motions of the objects are specified, the problems of controllability of the entire process are investigated depending on the controllability at each stage of the motion. It was shown that the maintenance process on the entire time interval is completely manageable if it is controllable on each maintenance interval and is not manageable if it is not controllable at least on one interval. The controllability matrix of the entire system that unites finitely many composite systems is presented.
